Introduction
To what extent does the maximal subfield spectrum of a division algebra determine the isomorphism class of that algebra? It has been shown that over some fields a quaternion division algebra's isomorphism class is largely if not entirely determined by its maximal subfield spectrum. However in this paper, we show that there are fields for which the maximal subfield spectrum says little to nothing about a quaternion division algebra's isomorphism class.
Let D be a division algebra with center k and consider the collection of fields E such that k ⊂ E ⊂ D. The maximal elements, called maximal subfields, of this poset are always degree √ dim k D field extensions of k. For each D, its maximal subfield spectrum is the set Max(D) = {Isomorphism classes of maximal subfields of D} .
When two division algebras have the same maximal subfield spectrum, they are called weakly isomorphic.
In ([PR], 5.4) Prasad and Rapinchuk pose this following question:
For what fields k does weakly isomorphic imply isomorphic? They observe that over global fields, weakly isomorphic implies isomorphic. However for even finitely generated fields, there are open questions. In [GS] , Garibaldi and Saltman produce an infinitely generated field over which there are two nonisomorphic weakly isomorphic quaternion division algebras. With this in mind define the genus of D to be the set:
Chernousov, A. Rapinchuk, and I. Rapinchuk show in [CRR] that over a finitely generated field, Gen(D) is finite. In this paper, we show that there are quaternion division algebras with infinite genus. This is done by generalizing a construction of Garibaldi and Saltman in [GS] . However, it should be noted that the naive approach to generalizing this construction does not work and hence the result requires careful consideration.
Theorem A. There exists a division algebra with infinite genus.
This theorem can be rephrased in the language of algebraic groups. Quaternion division algebras give rise to algebraic groups of type A 1 and maximal subfields give rise to maximal tori. In the literature, algebraic k-groups with the same isomorphism classes of maximal tori are called isotoral or weakly k-isomorphic. As a corollary to Theorem A, we prove the following.
Theorem B. There exist fields over which there are infinitely many nonisomorphic isotoral groups of type A 1 .
In section 4 we prove a natural strengthening of these results, and along the way introduce the notion of a linking field extension, which we hope will be of independent interest. Using this we prove the following.
Theorem C. There exists a field K over which (1) there are infinitely many nonisomorphic quaternion division algebras with center K, and (2) any two quaternion division algebra with center K are pairwise weakly isomorphic.
In fact, there are infinitely many nonisomorphic fields which satisfy the conditions of Theorem C.
Background on quaternion division algebras
Let k be a field not of characteristic 2. In what follows, we use the following notation:
• Quat(k) is the set of isomorphism classes of quaternion algebras with center k • Quat * (k) is the subset of Quat(k) consisting of the quaternion division algebras.
Two division algebras over the same field are said to be linked if they share a common maximal subfield. A field k is linked if any two quaternion division algebras with center k are linked. Local and global fields (i.e., Q) are all linked ( [Lam] VI.3.6). To any nonhyperbolic (regular) r-dimensional quadratic form ϕ over k, we may define its "big" function field to be k[ϕ] := Frac(k[x 1 , . . . , x r ]/(ϕ)) where ϕ is expressed as a homogeneous polynomial of degree 2 in the indeterminate x i , 1 ≤ i ≤ r. An n-fold Pfister form over k is a quadratic form of the form
The norm form of a quaternion division algebra D with center k is an anisotropic 2-fold Pfister form over k, which we denote q D = 1, −a ⊗ 1, −b . The isomorphism class of D is determined by q D and is represented by the Hilbert symbol a,b k . For more on these objects, see [Lam] . For the reader's convenience, we include the following two results on anisotropic forms.
Proposition 2.1 ( [Lam] Cor. X.4.10). Let
(1) F be a field of characteristic not 2, (2) ϕ be a 2 n -dimensional quadratic form over F , n ≥ 1, and (3) q be an anisotropic n-fold Pfister form over F . Then the following are equivalent.
(1) q and ϕ are Witt equivalent. In particular if ϕ is also anisotropic, they are isometric.
(2) q becomes isotropic over
q be an anisotropic quadratic form over F , (3) ϕ a quadratic form so that F [ϕ] is defined, and If there exists an integer n such that dim q ≤ 2 n < dim ϕ, then q remains anisotropic over F [ϕ].
Construction of a quaternion division algebra with infinite genus
In this section, we prove Theorem A, and as a consequence Theorem B. We begin by proving Proposition 3.1 which is the main tool in proving Theorem A.
Proposition 3.1. Let
(1) F be a field of characteristic not 2, (2) D ⊂ Quat * (F ) be a set whose elements are pairwise linked,
Proof. For each D ∈ D, denote its norm form by Then ϕ p is isotropic over F p and hence c = a
Proposition 3.1 creates a field F S over which all the division algebras of E F S /F (D) have the same quadratic extensions coming from F . However in general, the algebras of E F S /F (D) are not weakly isomorphic because there are now new quadratic extensions coming from F S which could lie in one of the extended algebras but not in one of the others. Proof. We construct K with a tower of extensions produced in Proposition 3.1. Define the field k 0 = k and then recursively define k i , i ∈ Z >0 to be F S after applying the theorem to F = k i−1 for
We now show this is the desired field. First, by iterating the theorem, the image of
where a ∈ K, and hence, there is some finite n ≥ 0 such that a ∈ k n . Therefore
For later convenience, let P (k) denote the field obtained by applying Theorem 3.2 to k and D = Quat * (k). Let k be a field with infinitely many nonisomorphic linked quaternion division algebras. For example, k could be a global field. Then P (k) has a division algebra of infinite genus, proving Theorem A. Noting that anisotropic groups of type A 1 are obtained by looking at the norm 1 group of division algebras Theorem B follows.
Linked Algebras and Linking Extensions
Having now proven Theorem A, it is natural to pose the following question: is there a field K such that Quat * (K) is infinite and for which any two elements are pairwise weakly isomorphic? Unfortunately, we cannot simply iterate the procedure in the proof of theorem A since the procedure only works for linked algebras. Even if you start the above process with a linked field k, the first field in the tower k 1 may no longer be linked, hence we can only perform the procedure to the image of Quat * (k) and not all of Quat * (k 1 ). In this section, we generalize our construction procedure to account for this issue. We define a linking extension of k to be a field extension k ′ /k such that all division algebras in the image of
are pairwise linked. There always exists a linking extension, namely the algebraic closure k of k. However the image of the extension map E k ′ /k might be finite even if D is infinite.
Proposition 4.1. Let F be a field of characteristic not 2. There exists an extension L/F for which (1) L is a linking extension, and (2) Linked nonisometric algebras in Quat * (F ) remain nonisometric division algebras after extension. 
, p ∈ P and let L := p∈P F p . We now show this is the desired field. First note that any pair p = (D, D ′ ) ∈ P, they become linked in F p , hence in L and thus L is a linking extension. Next note that q D and q D,D ′ remain anisotropic over L since by Hoffmann's Theorem (Theorem 2.2) they remain anisotropic over each F p , p ∈ P.
Proposition 4.2. Let k be a field of characteristic not 2. There exists an extension L(k)/k for which (1) L(k) is linked, and (2) Linked nonisometric algebras in Quat * (k) remain nonisometric division algebras after extension.
Proof. We construct L(k) with a tower of linking extensions. Define the field k 0 = k and then recursively define k i , i ∈ Z >0 , to be L obtained after applying proposition 4.1 to
We now show this is the desired field. First, by iterating the proposition, linked nonisometric algebras remain nonisometric division algebras after extension. Second, let D, D ′ ∈ Quat * (L(k)). Then, using Hilbert symbols (see Section 2 and [Lam] ), there exists a, b,
Hence there exists some finite n ≥ 0 such that a, b, a ′ , b ′ ∈ k n and hence over k n+1 , D = Putting together this procedure and the procedure of section 3 yields Theorem C. Theorem 4.3. There exists a field K for which (1) Quat * (K) is infinite, and (2) the algebras in Quat * (K) are pairwise weakly isomorphic.
Proof. Let k be a field with infinitely many nonisomorphic linked quaternion division algebras. For example, k could be a number field. Set k 0 = k and then recursively define k i , i ∈ Z >0 to be P (L(k i−1 )). Let K = i≥0 k i . I now show this is the desired field. First, at each step, the image of nonisomorphic linked division algebras remain nonlinked division algebras, and hence by the initial assumption on k, Quat * (K) is infinite. Second, let D, D ′ ∈ Quat(K), D = D ′ , and let E be a maximal subfield of D. Then E = K( √ c) where c ∈ K. Furthermore
for some a, b ∈ K. Hence, there is some finite n ≥ 0 such that a, b, c ∈ k n and hence k n ( √ c) lies in a,b k n+1
and hence E lies in D ′ .
Corollary 4.4. There exist infinitely many nonisomorphic fields which satisfy properties (1) and (2).
Proof. For each odd prime p, let k p be a global field of characteristic p. Let K p be the field obtained by performing to k p the procedure in the proof of the theorem. Then each K p satisfies properties (1) and (2), and since any two are of different characteristic, they are not isomorphic.
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